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Abstract

In scalar diffraction theory, Kirchhoff formula, Rayleigh-Sommerfeld formula, and angular spectrum transmission formula are classic
formulas that express diffraction correctly. But as complex calculation, Fresnel diffraction integral, which is the paraxial approximate
solution to these formulas, is used widely. This paper presents diffraction transfer function corresponding to each classic diffraction for-
mula, gives discussion on methods when using fast Fourier transform to calculate these formulas, derives conditions each formula must
meet when it is calculated correctly based on sampling theorem, and finally real examples are finished to certify the results.
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1. Introduction

In application research on laser, diffraction calculation
is a basic research content. According to scalar diffraction
theory, Kirchhoff formula, Rayleigh—-Sommerfeld formula,
and diffraction’s angular spectrum transmission formula
have already been obtained. Although these formulas are
accurate solutions to Helmholtz equation, the complex cal-
culations must be done so that Fresnel diffraction integral,
which is the paraxial approximate solution to these formu-
las, is used actually and widely. Fresnel diffraction integral
can be expressed as Fourier transform as well as convolu-
tion in mathematical form, and theoretically calculated
by Fourier transform and inverse Fourier transform [1].
But usually there are no analytical solutions to these for-
mulas for the practical diffraction, and only can numerical
analysis be made using discrete Fourier transform. For
long time, diffraction has been one of the most difficult
problems in optics [2].
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In recent years, with the appearance of fast Fourier
transform (FFT) [3] and development of computer tech-
niques, FFT to calculate diffraction on the computer is
gradually becoming a popular method. Because the math-
ematical form of Fresnel diffraction integral is relatively
simple, and usually satisfied solutions to practical problems
can be obtained, it is still the most widely used formula
now. To let the calculations meet Nyquist sampling theo-
rem [3], FFT calculation of Fresnel diffraction integral
has been studied widely [4,5].

After all, Fresnel diffraction integral is only the paraxial
approximate solution to diffraction problem, there are
many restrictions when it is used to resolve some practical
problems. It will have vital significance if Kirchhoff for-
mula, Rayleigh-Sommerfeld formula, and diffraction’s
angular spectrum transmission formula can be calculated
fast using FFT. In these three classic formulas, since angu-
lar spectrum transmission formula of diffraction has been
expressed in terms of transfer function of diffraction con-
cisely, it is easily to be resolved with FFT. However, how
to let calculations meet sampling theorem is a question
which is worth to be studied. Furthermore, the researches
on Kirchhoff formula and Rayleigh-Sommerfeld formula
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have shown that there are transfer functions corresponding
to these two formulas, which can also be calculated quickly
with FFT [6,7]. Conditions which should be met by each
formula when it can be used to calculate diffraction field’s
amplitude and phase more correctly are derived in this
paper based on Nyquist sampling theorem.

Finally the results are certified through diffraction calcu-
lation examples.

2. Convolution algorithm of Fresnel diffraction integral

Since the calculation method of classic diffraction for-
mula discussed in this paper is corresponds to the convolu-
tion algorithm of Fresnel diffraction integral, in order to be
convenient for comparison, initially convolution algorithm
is introduced briefly.

Assuming that Uy (xg, Vo) is light wave complex ampli-
tude in the object plane, according to Fresnel diffraction
integral, light wave complex amplitude U (x,y) arriving
at the observation plane with diffractive distance d can be
written as [1,2]

Ulx,y) = W //_: Uy(x0,,) €Xp {;Z [(x ~ )

#0307 Jarody, (1)

where i = v/—1 and 4 is wavelength with k = 27/4.

Assuming that f, f, are coordinates in frequency range,
with the help of Fourier transform, the above mentioned
equation can be represented as

Ulx,y) = F HF{Uo(x0,50) Hr (for /,)} (2)
where HF, called transfer function of Fresnel diffraction [6],
can be expressed as

Hoth) = 7{ R0 exp [ 02407 | (2)

It is easy to prove that there is an analytical expression of
Fresnel diffraction transfer function

et ) = o (i1 =502 4 1]} (2b)

Because Eq. (2a) can be calculated directly using FFT, as
transfer function, Egs. (2a) and (2b) are equivalent in the-
ory. Differences between the two equations in practical cal-
culation are given in the latter part of the text.

The calculation form as expressed according to Eq. (2)
is usually called diffraction integral’s convolution algo-
rithm. The question how to let calculations satisfy
sampling theorem is considered now. According to ana-
Iytical Egs. (2a) and (2b), because Fresnel diffraction
transfer function is a non-band-limited function which
has value in the entire frequency domain, it is impossible
to make the discrete calculation of Eq. (2) meet Nyquist
sampling theorem even if the object function is a band-
limited function. However, Nyquist sampling theorem
can be described formally that the countdown of spatial

range sampling spacing is greater than or equal to double
times of function’s maximal frequency spectrum. That is
to say, there are at least two sampling points in the space
period corresponding to the maximal frequency spectrum.
In actual diffraction calculation, computations are usually
made to meet sampling theorem approximately based on
the following analysis [4,5].

When Fresnel diffraction transfer function is expressed
as Fourier transform (see Eq. (2a)) in spatial domain, for
the given calculation width of diffraction field AL, there
is the largest phase-change rate when x and y are ALy/2
when calculating Fresnel diffraction transfer function by
use of FFT. If there are at least two sampling points in
the value region when it once changes a 2n period, then
FFT calculation is thought to meet sampling theorem
approximately. That is

n (xz +y2)

- = <
ox d X Axo S 7

x,y=ALg/2

From the above inequality, we obtain

Ad
Axy < AL (3)

N

Eq. (3) is the condition, which meets Nyquist sampling the-
orem, when using transfer function in Fourier transform
form.

When using FFT to calculate Eq. (2b), Fresnel diffrac-
tion transfer function, its discrete form can be expressed as

12
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where m, n = —N/2,—N/2+1,...,N/2—1.

As the transfer function has the largest phase-change
rate when m, n = £N/2, the condition, which meets sam-
pling theorem, is determined by following inequality:

‘ o 2n { 2
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Put Af, = Af, = i{) into the above inequality, we can ob-
tain the condition of sampling when using analytical form’s
Fresnel diffraction transfer function as

Axo > /7d[N (5)
Comparing Eq. (5) with Eq. (3), it is obvious that Eq. (3) is
a more harsh condition. For example, when diffractive dis-
tance d is small, the result, which meets sampling theorem,
can be obtained only by making the sampling spacing clo-
ser to wavelength magnitude. According to the feasibility
of numerical calculation, analytical transfer function is bet-
ter than Fourier transform form’s.

Formally, condition (5) seems to have been met very
easily. But it must be remembered that this condition is
obtained under the precondition that sampling spacing of
object function Ax, has already satisfied sampling theorem.
That is for the given N, 4, and d, Axy cannot be extended
arbitrarily.
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It must be pointed out that wave light’s diffraction is a
superposition of angular spectrum’s diffraction of wave
light field. With the increase of diffractive distance, the
range of diffraction field will expand linearly. As in convo-
lution algorithm, the object plane and the observation
plane have the same sampling width [4], diffraction field
cannot be obtained fully by convolution algorithm when
diffractive distance is large. Therefore, this algorithm is
mainly used in the situation in which high frequency angu-
lar spectrum of object wave light field is small and diffrac-
tive distance is small.

3. Diffraction’s Kirchhoff transfer function and its calculation

It is easy to prove that Kirchhoff’s diffraction formula
can be expressed as [6,7]

Ulx,y) = 7 HF{Uo(x, )} H, (fe: /1) } (6)

where

exp [ik\/m} (\/m+d>

Hy(fe. fy) =F{—
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(6a)

is Kirchhoff transfer function of diffraction.

According to the above discussion on Fresnel diffraction
integral, the sampling of Kirchhoff transfer function must
be considered mainly.

From the analysis of Eq. (6a), spatial change rate of

expliky/d® +x2+)2] is much higher than that of
V&2 +y2+d As

m long as the

sampling of exp

lik\/d* + x* 4 y?| meets the sampling theorem, the entire
transition function’s sampling also meets sampling theorem
approximately. Therefore, the condition to meet Nyquist
sampling theorem can be determined by the following
inequality:

3271/d2+x2+y2
ox A
which leads to

n/d> + AL2/2
Ay < VL TALT2 ®)

AL

XAXO<7T (7)

x,y=AL/2

Therefore, Eq. (8) is the condition for calculation of Kirch-
hoff formula to meet the sampling theorem.
The above inequality can be simplified as Axy < \/45

when diffractive distance d is very small and & < AL*2
is valid. This conclusion indicates that for small diffractive
distance, in order to meet sampling theorem, sampling
width must be close to the order of wavelength when
using Kirchhoff transfer function to calculate diffraction.
It will create great difficulties in actual numerical
calculations.

4. Diffraction’s Rayleigh—-Sommerfeld transfer function and
its calculation

Rayleigh-Sommerfeld formula of diffraction can be
written as [6,7]
Ux,y) = 7 {F{Uox,y)}Hr(f, /3) } ©)
where
exp [ik\/d2 + x? +y2}

Hp(fe, /) =Fd .
alfef) iA(d® +x2 +)?)

(9a)

is Rayleigh—-Sommerfeld transfer function.

According to the above discussion on the calculation
of Kirchhoff formula, the sampling of function exp
lik\/d* + x> +3?] should mainly be considered in the cor-
rect discrete calculation. That is, the sampling condition in
the calculation of Rayleigh-Sommerfeld formula is the
same as that of Kirchhoff formula.

n/d®> +AL*/)2 "
< v

[UISS AL ( )
For small diffractive distance, in order to meet the sam-
pling theorem, sampling width must be close to the order
of wavelength when using Rayleigh-Sommerfeld transfer
function to calculate diffraction, and therefore, the algo-
rithm mentioned above is not usually used in near-field dif-
fraction’s calculation.

5. Diffraction’s angular spectrum transfer function and its
calculation

Based on angular spectrum diffraction theory, the
precise solution of diffraction field without the near-axis
approximation is expressed in Fourier transform form as

Ulx,y) = 7 {7 {Uo(x,9)}H5(f, /) } (11)

where

mmwbwﬂww—wﬁ4mf

(11a)

is angular spectrum transfer function.

Using fast Fourier transform (FFT) and inverse fast
Fourier transform (IFFT) to calculate Eq. (11) with sam-
pling width of object plane of AL, and sampling number
of Nx N and sampling spacing Ax, = Ay, = ALy/N, Eq.
(11) can be represented as

U(pAx,qAy) = IFFT{FFT{UO(rAxosAyO)}
X exp [ikd\/f — (JmAf) — ()LnAfy)z} } (12)

where p, q, r, s, m, n= —N/2,—N/2+1,...,N/2—1.

Using the above discussed method and assuming that
discrete transfer function’s sampling rate of change is less
than or equal to = when m, n = N/2, we obtain
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< 7.
mn=N/2

0
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From the above inequality with conditions Af, = Af, = ALLO
and k = 2%/J, we can obtain

AAN

ALg\/AL2 — 2(JN/2)?

As AL} > 2(JN /2)2 is usually satisfied, a better approxi-
mation of the above inequality is

ALy > VNid (14)

The above two inequalities provide the basis for sampling
calculation of angular spectrum transmission formula.

Dividing Eq. (14) by N, it becomes Axy, = \//d/N.
Comparing it with Eq. (5), we can see that calculation for-
mula defined by diffraction’s angular spectrum transmis-
sion theory basically has the same sampling condition as
that by using analytical form’s Fresnel diffraction transfer
function.

<1 (13)

6. Calculation examples

To certify the viability of calculation methods men-
tioned above, we have done an experiment with CO, laser
of wavelength 10.6 um. Fig. 1 is the illustration of the
experiment. The incident plane is a cross aperture which
is made by welding tinsels with diameter 1 mm on a metal
plate with a diameter of 60 mm. The incident laser is a stan-
dard base mode Gaussian beam with the radius 7.2 mm
and power of 500 W. Heat sensitive paper [6] is used to
sample the beam at different diffractive distances on the
testing screen, and the sampling time is always 15 ms.

According to the experiment, the wave light field which
just passes through the cross filament can be expressed as

3 +13\ [2P x5+ %
r W w

2 2 4 _ _
X exp (ikxO;;ey(’) Zrect (x—o - al] ,y—o - yq)
g=1

(15)

Uo(x0,¥9) = circ(

where r = 30 mm which is the opening radius of aperture,
and
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Fig. 1. Laser diffraction experiment on an aperture with a cross filament.
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Letting ALy =20 mm and N = 256, the expression of
object plane’s wave light field is put into different diffrac-
tion calculation formulas. Figs. 2-4 show sampling spots
sampled by heat sensitive paper and theoretically stimulat-
ing results at the distance of 36 mm, 195 mm and 572 mm,
respectively. In these images we can see that results calcu-
lated by different transfer functions are significantly differ-
ent from each other when diffractive distance is relatively
small. It is easy to find that the calculated results are devi-
ated greatly from the experimental results when transfer
function cannot be expressed as analytical solution in fre-
quency range. According to the analysis on whether each
calculation meets sampling theorem, some discussions on
the calculated results above are made.

In the case of FFT calculation of Fresnel transfer func-
tion, multiplying Eq. (2) by N and considering NAxy = AL,
the condition which meets Nyquist sampling theorem can
be written as

ALy < VNid (16)

Putting the corresponding parameters in Figs. 24 into the
above mentioned inequality, we obtain:

d =36 mm : /256 x 0.0106 x 36 = 9.88 < AL,
not meeting sampling theorem;

d =95mm : V256 x 0.0106 x 95 = 16.05 < AL,

not meeting sampling theorem;

d =572 mm : V256 x 0.0106 x 572 = 39.40 > AL,

meeting sampling theorem.

In the case of Kirchhoff transfer function and Rayleigh—
Sommerfeld transfer function, multiplying Eq. (10) by
NAL and considering NAxy= AL, the condition which
meets Nyquist sampling theorem can be written as

Sampling spot in experiment (b) Transfer function of

(a) Analytical transfer

function of Fresnel angular spectrum

% 4 % 4

# u g Ji
(c) FFT calculation of Fresnel (d) Kirchhoff transfer function (e) Rayleigh-Sommerfeld

transfer function transfer function

Fig. 2. Comparison of various calculating methods at diffractive distance
d =36 mm.
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(a) Analytical transfer (b) Transfer function of

function of Fresnel angular spectrum

(c) FFT calculation of Fresnel (d) Kirchhoff transfer function  (e) Rayleigh-Sommerfeld

transfer function transfer function

Fig. 3. Comparison of various calculating methods at diffractive distance
d =95 mm.

Sampling spot in experiment (a) Analytical transfer (b) Transfer function of

function of Fresnel angular spectrum

(¢) FFT calculation of Fresnel  (d) Kirchhoff transfer function  (e) Rayleigh-Sommerfeld

transfer function transfer function

Fig. 4. Comparison of various calculating methods at diffractive distance
d =572 mm.

AL* < Nw/d* + AL*)2 (17)

Putting the corresponding parameters in Figs. 24 into the
above mentioned inequality, we obtain:

d = 36:mm : 256 x 0.01061/36 x 36 + 20 x 20/2

= 104.7 < AL?, not meeting sampling theorem;

d =95mm : 256 x 0.0106/95 x 95 + 20 x 20,2
=260.6 < AL?, not meeting sampling theorem;

d =572 mm : 256 x 0.0106\/572 x 572420 x 20/2
= 1552.65 > AL*, meeting sampling theorem.

Above calculations indicate that for FFT calculation of
Fresnel transfer function, Kirchhoff transfer function and
Rayleigh—-Sommerfeld transfer function, only the calcula-
tions with d =572 mm meet Nyquist sampling theorem
approximately.

F{Uatx.y)) [F (Ut
fx ‘JL\ fx
0 6.4mm-1 0 6.4mm-1
[Hp(E0)| H(fx,0)
T
fx ix
0 6.4mm-1 0 6.4mm-!
d=572mm d=95mm

Fig. 5. Frequency spectrum of object wave and amplitude—frequency
response curves of Fresnel transfer function calculated through FFT at
d =572 mm and d =95 mm.

Formally, the calculation with d =95 mm (as shown in
Fig. 3) seems to lead to correct results, but this is because
of the coincidence that frequency spectrum section of
FFT calculation of transfer function, when it is used to
reflect characteristics of object function, is accidentally
close to the correct values. For the sake of visualization,
Fig. 5 shows a frequency response curve of object function
and frequency response curves obtained by FFT calcula-
tion of Fresnel transfer function with d =572 mm and
d =95 mm respectively.

According to the analysis of these two curves, it is not
difficult to see that the transfer function for the diffractive
distance of 572 mm is a low-pass filter with a module
approximately close to 1in low frequency region (Fig. 5
shows an angular spectrum transfer function curve with
the module of 1 as a reference). Frequency spectrum of
diffraction field is obtained by multiplying the main part
of object light frequency spectrum with transfer function.
Then diffraction field with a part of high spatial frequency
losses can be obtained by using discrete inverse Fourier
transform. But when d= 95 mm, there will be a strong
frequency spectrum superposition in FFT calculation of
transfer function due to insufficient sampling, and there
will be a complex distribution with the module lager than
lin high frequency region, which will lead to energy
amplification of object function’s transition in high fre-
quency spectrum region and result in distortion eventu-
ally. However, object function’s frequency spectrum
corresponding to frequency spectrum’s superposition
region is just close to zero, and the product of the fre-
quency spectrum of object light and the transfer function
remains very small, which does not have a significant
influence on the frequency spectrum of diffraction field.
Therefore, although FFT calculation of transfer function
for d =95 mm does not meet Nyquist sampling theorem,
diffraction calculation results which are close to practical
situation can be also obtained. In actual calculation, the
opportunity mentioned above is very small. In order to
obtain reliable calculations, the reliability of calculations
must be judged according to the related discussion on
Nyquist sampling theorem.
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7. Discussion and results

According to scalar diffraction theory [1,2], all of diffrac-
tion’s angular spectrum transmission formula, Kirchhoff
formula and Rayleigh—-Sommerfeld formula are equivalent
expressions of the same physical problem in spatial range
and frequency range. The difference between them is that
the transfer function of Kirchhoff and Rayleigh—-Sommer-
feld can be expressed only by Fourier transform. When dif-
fractive distance is relatively small and sampling is
insufficient, there will be big errors in Kirchhoff transfer
function and Rayleigh-Sommerfeld transfer function,
when using FFT to calculate practical diffraction problems.
The reason is not that Kirchhoff transfer function and Ray-
leigh—-Sommerfeld transfer function themselves is wrong,
but the question of insufficient sampling has made natures
of discrete function change a lot from its original function
when using FFT sampling to calculate transfer function. If
discrete function cannot represent the original function, the
results will surely not be correct. There is no conclusion
about Kirchhoff formula and Rayleigh—-Sommerfeld for-
mula, as to which one is more accurate [1,2]. Transfer func-
tions and discussion on how to make transfer function
meet sampling theorem given in this paper provide a possi-
ble way to the further study on these two formulas.

Moreover, from the sampling study on transfer func-
tions of different forms above, it can be seen that diffrac-
tion’s angular spectrum transmission function usually is

more effective than the other transfer functions for the
same calculating problem. And from sampling number
and calculation time, it is easy to confirm that their calcu-
lations are basically the same as that of analytical transfer
function of Fresnel diffraction, and accurate solutions to
diffraction problems can be obtained in theory. Therefore,
using angular spectrum diffraction formulas as far as pos-
sible should be able to obtain more reliable results in prac-
tical applications.
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